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T h e p r o b l e m of interact ion of an intense laser b e a m with sol id h y d r o g e n is theoret i ca l ly in-
vest igated in a one -d imens iona l p lane geometry . T h e t ime dependent d is tr ibut ions of density , tem-
perature a n d ve loc i ty of the p r o d u c e d p lasma as wel l as those of the sol id are f o u n d b y numer i ca l 
so lut ion of the h y d r o d y n a m i c equat ions f o r various laser powers . T h e m a x i m u m temperature can b e 
a p p r o x i m a t e l y expressed in c l o s e d f o r m as a func t i on of the laser intensity and t ime. T h e ca l cu la -
t ions a l l ow f o r the in f luence of thermal c o n d u c t i o n and viscosity . A t laser intensit ies a b o v e 1.8 x l O 1 1 

W / c m 2 the p lasma f r e q u e n c y rises above that of the laser in the transit ion sheath b e t w e e n the 
hot p lasma a n d the c o l d so l id . T h e p r o b l e m of absorpt ion and ref lect ion of laser radiat ion in this 
reg ion is invest igated. 

I. Introduction 

Nowadays giant pulse lasers reach intensities of 
10 1 2 W/cm 2 and more if focused with lenses of 
suitable focal length to an area of 1 (P 4 cm2. Emis-
sion thereby lasts between about 2 and 50 nsec. 
The interaction of such radiation fields with matter 
greatly differs from the usual picture of low-inten-
sity electromagnetic waves passing through a me-
dium. Numerous experiments since 1963 have de-
monstrated that a sufficiently intense laser will 
make transparent dielectrics opaque and cause a 
hot, dense plasma cloud to form on the surface. 

Near the ruby laser frequency (co = 2.73 X 10 l 0 

sec - 1 ) many insulators such as hydrogen appear 
completely transparent; with normal light sources 
their coefficients of absorption are almost zero. If, 
however, there are some free electrons in the insu-
lator, these in the intense radiation field of a laser 
can gain so much energy that they quickly increase 
in number as a result of collisional ionization, and 
strong absorption occurs. CARUSO et al. for 
example, have calculated that at a radiation inten-
sity of 1011 W/cm2 a 100 fx thick hydrogen foil be-
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comes opaque in less than 10~1 0 sec if there are 
106 free electrons per cm3 present when irradiation 
begins, i. e. a vanishingly small number compared 
with the number of atoms, which for solid hydrogen 
is 4.5 x 1022 cm" 3 . No matter where the first free 
electrons originate — whether from multiphoton 
absorption, from impurities in which they were 
loosely bound or from external charging — it was 
found experimentally time and again that with suf-
ficient laser intensity a highly absorbent layer of 
free electrons forms in a very short time. Any study 
of subsequent processes will therefore start from a 
certain initial ionization. 

In the field of fusion research one is mainly 
interested in the complete evaporation of solid or 
liquid drops of low atomic weight in a focused laser 
beam. The production, heating, and expansion of 
such a plasma was therefore studied theoretically 
in a spherical model on the assumption that the 
matter in the focus is fully ionized from the outset, 
and that the energy input is uniformly absorbed in 
the drop as long as its diameter does not exceed 
that of the focus as a result of expansion 2 - 4 . 
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The assumption of uniform energy absorption 
greatly facilitates calculation of heating and ex-
pansion and affords useful information on the pro-
perties of the plasma after a lengthy period of time. 
It does not, however, provide a satisfactory answer 
to the physically interesting question in what way 
and how quickly the solid is converted to plasma 
at high laser intensities. A major advance in this 
direction was made by AFANASYEV et al5 , who 
investigated plasma production in plane geometry, 
and then by CARUSO et al. 6. These authors consider 
the case of a time constant light flux incident on the 
surface of a solid occupying a half-space and then 
make a dimensional analysis of the dynamic pro-
cess. This allows the plasma parameters averaged 
in space to be determined in closed form as func-
tions of the laser intensity, time, and absorption 
coefficient. 

In order, however, to determine the distributions 
of the density, temperature, and velocity of the 
plasma produced, the local conservation laws of 
hydrodynamics have to be solved simultaneously 
with the equations of optics. Only thus is it possible 
to treat such questions as the influence of thermal 
conduction and viscosity, propagation and reflection 
of light in the high density region, recombination in 
the plasma, or the problem of ponderomotive for-
ces 7. 

II. The Model 

Basic physical information is ensured by making 
all calculations one-dimensional and using laser 
pulses of constant intensity. For this purpose we 
consider an infinitely extended foil of thickness D 
and initial density £>0 on the one surface of which 
a laser of constant power density is incident 
starting at the time 2 = 0 (Fig. 1) . A small number 
of free electrons should be present in the foil so 
that a noticeable fraction of the light can be ab-
sorbed from the outset and is converted into heat. 
This causes a change in the number of free electrons 
and hence in the light absorption; in addition a 
strong pressure gradient forms at the surface and 
matter escapes into the vacuum. Part of the laser 
light can now penetrate more deeply into the target, 
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to the extent to which the expanding plasma be-
comes rarefied, and heats more matter. 

This gasdynamic process can be adequately 
described in a one-fluid model taking thermal con-
ductivity and viscosity into account. For this pur-
pose all parameters of interest such as the density 
£>, velocity v, pressure p, energy per unit mass £, 
and laser intensity 0 are expressed as functions of 
the Lagrange parameter a and the time t, where a 
is chosen such that x is identical with a at the time 
t = 0, i .e. a is the initial position of the volume 
element under consideration. The laws of conser-
vation of mass, monentum, and energy (see, for 
example8, Vol. I, p. 4 et seq. and p. 71) 
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together with the relation for the velocity 

v(a, t) = 3x(a, t)/3f 

(1) 

(2) 

(3) 

(4) 

then afford a complete description of the processes 
involved. The coefficients of viscosity and thermal 
conductivity are denoted by // and x in Eqs. (2) 
and (3 ) . The three terms at the r.h.s. of energy 
equation represent consecutively energy input due to 
irradiation, thermal conduction, and mechanical 
work. In the energy range under consideration the 
radiation losses of the plasma are small and are not 
taken into account, cf. 2. 

All of the calculations here apply to hydrogen. 
The number of free electrons is expressed in terms 
of the degree of ionization, which is defined as 
the ratio rj = ne/(nn + nj) = njnn , where nn is the 
neutral particle density and /?H the total number of 
hydrogen nuclei per unit volume. Quasi-neutrality 
is thereby assumed, i . e . . nn , T and r\ are 
related by the Sahy equation (see Section V) : 
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Here the partition-function ratio for ions and hydro-
gen atoms j = 1/2 was used. As an equation of 
state we take the ideal gas law for the plasma as 
well as for the high density region: 

p=(l+V)nKkT. (6) 

The internal energy per unit mass is then the sum 
of the thermal energy and ionization energy: 

1 [ 3 
"iH I 2 E = { - ( l + ^ k T + U ^ } (7) 

(ma = mass of hydrogen atom, Uj = ionization 
energy per atom). In order to satisfy the energy 
balance, the ionization energy of the atomic hydro-
gen is increased by half the dissociation energy of 
H 2 , i .e . Ui = 13.6 + 2 . 2 4 = 15.84 eV. The local 
light intensity &(x,t) should be related to the laser 

intensity by the absorption law 
9C 

<P(x,t) = 0 o e x p { - J"a(:r,0<Lr}; (8) 
X 

a(x,t) denotes the local absorption coefficient. (For 
a and the validity of Eq. (8) see Appendix I and 
Section IV.) According to 9, p. 462, the viscosity ju 
is given by the following expression: 

ix « ,u; = 1.360 4 ( 2 - ) r/—4 [cg s g r a d l • 

The coefficient of thermal conductivity according 
to 10 

x = 20 2 \*l*k7/* s 6t r/-' 
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with £ = 0.4189 and dT = 0.2252. lnvl is calculated 
in all transport parameters according to the fol-
lowing formulae1 1 : 

3 k3 '* r > 
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for T 4.2 x 105 °K , 

/1K for T ;> 4.2 x 105 °K . 

All calculations are made for ruby laser step pulses, 
i. e. the laser starts with the intensity 0 O at the time 
t = 0, and this remains constant for the entire 
heating period. The density of solid hydrogen £>0 is 
chosen as initial density, and for t = 0 the tempera-
ture T and flow velocity v are everywhere set equal 
to zero; the thickness of the foil is assumed to be 
D = 50 An initial degree of ionization 7] = 7 x 
1 0 - 3 was chosen. The numerical calculations were 
performed for intensities 0 o = l O n , 1012 and 1013 

W/cm2 . The numerical integration method is out-
lined in Appendix II. 

III. Numerical Results 

The shock wave: As soon as the foil is exposed 
to laser radiation some of the light is absorbed and 
converted into internal energy, r\ increasing in ac-
cordance with the Saha equation ( 5 ) . As a result, 
50 u foils quickly become opaque at laser intensities 
0 o = l O n W/cm2 , because with the rising number 
of free electrons the absorbing region reduces to a 
small layer at the surface and hot plasma streams 
off into space. At a power density = 1012 W/cm 2 
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a pressure of over 300 kbar builds up in less than 
0.2 nsec in the region of strongest light absorption, 
and a shock wave with a velocity of 2.7 X 106 cm/sec 
is formed in the foil (Fig. 1; the laser is directed 
from the right). Behind the shock front the hydro-
gen, now compressed in a ratio of about 1 : 4, has 
attained the temperature 1 . 5 x l 0 4 ° K . After 2 nsec 
the compression wave readies the free back surface 
of the 50 u foil, a rarefraction wave runs back to 
the right, and the foil as a whole begins to move. 
The shock velocity depends, of course, on the laser 
power. At $ 0 = 1 0 n W / c m 2 it is 1.1 X 106 cm/sec 
and at 0 o = l O 1 3 W / c m it is 6.7 x 106 cm/sec. The 
compression ratio in all cases is about 4, as it should 
be for strong shocks in atomic gases ( / = cp/cv = 
5 /3 ) . The shock wave in Fig. 1 has a somewhat dif-
ferent profile to that in 12 because the Saha equation 
was used here with the result that y is no longer 
constant everywhere. 

The hot plasma: On the laser side of the com-
pressed foil the density drops sharply as a result of 
the strong temperature rise caused by heating. 
Fig. 2 shows the spatial distribution of plasma den-
sity, temperature, laser intensity, and velocity for 
<£„= 10 1 2 W/cm 2 at the times 2, 7, 12, 20, and 
30 nsec. The left ends of these curves have to be 
imagined as joining on to the points in Fig. 1 where 
the density (normalized to the undisturbed solid) 
has the value 1. Because of the high electron den-
sity this is also the region of strongest absorption, 
as can be seen from the diagram for the laser inten-
sity. All curves show similar behaviour here: The 
transition region is characterized by very high gra-
dient of density, temperature and velocity which 
only decrease slightly at later times. As seen above 
the total conservation of momentum causes the foil 
to recede to the left. This is indicated in Fig. 2 by 
the pronounced displacement of the curves relative 
to one another. For the same reason more and more 
plasma streams to the left with time (negative velo-
cities in the fourth diagram of Fig. 2 ) . After about 
55 nsec the foil is completely evaporated and trans-
formed into plasma. Very similar diagrams are ob-
tained for other power densities. Fig. 3 gives the 
temperature distribution at various times for <P0 = 
10 1 3W/cm 2 . The time development of the tempera-
ture maximum for three different power levels can 
be seen in Fig. 4 (solid curves). 

1 2 P . MULSER and S. WITKOWSKI, Phys . Letters 2 8 A , 7 0 3 
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The quantity of plasma produced is shown in 
Fig. 5 as a function of time. The right ordinate 
gives the number N of atoms evaporated from an 
area of 10~4 cm2. On the left ordinate the cor-
responding depth d of the evaporated layer is plot-
ted. The foil is completely converted into plasma as 
soon as d reaches the value 50 / / . The increase of d 
per unit time is equivalent to a velocity much smaller 
than that of the shock wave. This velocity after 
lOnsec, for example, is d = 1.04 x 105 cm/sec for 
<Z>0 = 10 1 2 W/cm 2 . 

As a result of the large difference in density be-
tween plasma and compressed solid (see Fig. 1 and 
2) it follows that the major part of the incident 
laser energy is transferred to the plasma. In fact 
only about 8% of energy go into the dense cold 
phase. During irradiation and as long as there is 
still a residue of cold matter present the ratio of the 
total thermal and kinetic energy is about 45% to 
55%. 

Similarity relations: I n 5 ' 6 a dimensional ana-
lysis is made for the parameters of interest when 
heating infinitely thick foils. This is successful on 
the assumption that the heating process does not 
depend on the following parameters: initial density, 
ionization energy, thermal conductivity and visco-
sity. The following relation is then obtained for the 
quantity of plasma produced: 

N ~ 0O1/2 tv\ (9) 
Although all the above mentioned parameters are 
allowed for in our computations it can be seen from 
Fig. 5 that the relation (9) is very well satisfied. 
The two bottom curves deviate so little that they 
could not be plotted separately. For <£0 = 1013 W/cm2 

the dependence can no longer be described exactly 
by (9 ) , but the deviations can largely be ascribed to 
the finite foil thickness. The proportionality constant 
can only be obtained by numerical calculation, and 
it deviates from that determined i n 5 ' 6 ( in 5 a fac-
tor of about 2 ; c f . 1 3 , Fig. 2 ) . If it is assumed that 
the sets of curves in Fig. 2 are similar to one another 
at other time independent laser intensities, a rela-
tion for the maximum temperature Tmax can be 
derived: 

7\„ax~<V 2 ' 1 / 4 . (10) 

This relation is also well satisfied (Fig. 4 ) . If we 
apply a laser intensity of 0 o = l O 1 2 W/cm2 and 

13 P . MULSER and S. WITKOWSKI, Phys . Letters 2 8 A , 151 
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choose the proportionality constant so that Tm!ix 
from Eq. (10) coincides at 15 nsec with the value 
determined numerically without thermal conduction, 
these curves lie between the solid and dash-and-dot 
curves. At $ 0 = 1 0 u W/cm 2 the influence of the 
ionization energy causes a small deviation: The 
true temperature (solid curve) lies below the curve 
calculated from the relation (10) , where the ioni-
zation energy is disregarded. The largest deviations 
from (10) again occur at ^ 0 = 10 1 3W/cm 2 due to 
the finite thickness of the target. 

Influence of thermal conductivity and viscosity: 
The numerical calculations with and without visco-
sity show deviations of a maximum of 4% only at 
<2>0 = 10 1 3 W/cm 2 . The mean deviation is less than 
\%. More important is the influence of thermal con-
ductivity. For comparison the numerical results 
without thermal conduction are plotted (dash-and-
dot curves) in Figs. 2, 3, 4, and 5: its influence is 
best pronounced at the highest intensity 0 o = lO13 

W/cm2 but does not exceed a few percent. At lower 
intensities it is still smaller and can be neglected. 

IV. On the Reflection of the Laser Light 

The use of the absorption coefficient in Appen-
dix I in conjunction with the Saha equation leads 
to the high spatial gradients in the transition region 
(Fig. 2 ) , where the normalized density increases 
from 2 x 10~2 to 1. The transition from given to 
complete ionization in the intensity range con-
sidered occurs between 0.6 and 1 //, i. e. over about 
a vacuum wavelenght of the ruby laser. This causes 
appreciable changes of the refractive index (4a) 
(Appendix I) over a wavelenght. In addition, the 
plasma frequency o)p exceeds the light frequency 
up to a factor of 3 in this region. The question 
arises how the light propagates in the transition 
region. Appreciable reflection is sure to be en-
countered here. As far as the author is aware, the 
problem has only been treated once before in this 
connection, by assuming the simplifying WKB con-
dition 14. For layers of such high optical inhomo-
geneity the wave structure of the light has to be al-
lowed for in calculating reflection and absorption. 
This means in our case that in the transition region 
the wave Eq. (2a) would have to be solved simul-
taneously with the equations of motion (1 ) , ( 2 ) , 

14 J. DAWSON, P . KAW. and B. GREEN, Phys . F lu ids 12 . 8 7 5 
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and (3 ) . Since this is a cumbersome procedure, 
only time independent density profiles (fitted to the 
numerical results described above) for purely trans-
verse electromagnetic waves are investigated in the 
following. In the numerical results of Section III the 
elctron density rises steeply to a maximum in the 
region of greatest absorption and then drops very 
quickly to almost zero towards the shock wave. The 
real part of the refractive index varies as follows: In 
the low density plasma Re(n2 ) is only slightly be-
low 1; with increasing electron density it tends to 
zero or may even drop below it; finally, in the 
shocked region it resumes a value of about 1 (the 
value in solid hydrogen is n = 1.112). We therefore 
consider an inhomogeneous layer of thickness d in 
which the particle density is determined by 

"H 0 - 2 / T r nH sin-I 2 d 

and the temperature by 

T = Tn cos 
71 X 

Yd 
-d < x < 0 

The number of free electrons is again governed by 
the Saha Eq. (5 ) . The value 5 x 10® K was chosen 
for T0, while n should cover the range from 
1021 to a few 1022 cm~3 . The local refractive index 
n is then determined by (4a) of Appendix I. On 
the left and right of the profile n should be n = 1. 

The Maxwell equations yield the energy con-
servation law in the following way: 

In real notation j (5 thereby represents the work ir-
reversibly performed by the electromagnetic field 
per unit time and volume. Since we set E = 
E(x)e~l(ot and, accordingly, j complex, this yields 
for the light absorption averaged over an oscillation 
period 

~ = < R e ( / ) - R e ( £ ) ) = e(o)EE*. (11) 

E has to satisfy the stationary wave Eq. (2a) , and 
o is related to n by (3a) . The simple absorption law 
d(P/dx=0L(P following from Eq. (8) and taken 
as basis for the numerical calculation in Section III 
thus has to be replaced in strongly inhomogeneous 
media by the relation (11 ) . In the case of weak op-
tical inhomogeneity, of course, relation (11) leads 
back to the expression (8 ) . In order to solve the 

wave equation, which can only be done numerically 
for the above profiles, one has to satisfy the condi-
tion that only a transmitted wave may occur behind 
the layer. The wave equation is therefore split into 
the equivalent first-order system: 

(E~ + E+)'= ik(E~-E+), 

(E--E+)'= i k n2 (E~ + E+). 

Where E+ + E~ = E (see15, p. 11). Here, in front of 
the layer (x 0 ) , E~ denotes the laser wave and 
E+(x) the wave reflected by the layer. On the side 
of the emerging wave (x = — d) we have to. set 
E+ = 0. The reflection and transmission coefficients 
R and Tr are calculated from 

R = 
E+ E+* 

E' E~* x = 0 
and Tr = (£-£-*)* = 0 

The results for four profiles with different values of 
riH are shown in Fig. 6. The bottom curve in each 
case gives the variation of the real part of n2 in a 
layer of thickness d = / . As long as the electron den-
sity ne remains everywhere below the value 2.34 x 
1021 c m - 3 , the plasma frequency is lower than the 
ruby laser frequency co, and Re(n2) is positive 
everywhere. This is the case in the top two pictures; 
in the bottom two pictures the electron density 
readies higher values inside the layer, and Re(/i2) 
becomes negative. At the boundaries x = 0 and 
x = — d of the layer the electron density drops to 
zero and n2 continuously attains the value 1. The 
curve denoted by E gives the magnitude of the 
electric field E~ + E+ for a monochromatic wave 
with amplitude E~ j = 5 units that is incident from 
the right (dashed line in Fig. 6 ) . The total coef-
ficients of reflection R, transmission Tr, and ab-
sorption A of the profiles are given at the bottom 
of each picture. R remains below 25% as long as the 
plasma frequency is everywhere below the light fre-
quency. In the four layers drawn there is super-
position of the incident and reflected waves so that 
E appears to be modulated and elevated in part, 

in the fourth picture by a factor of almost 2. The 
curve denoted by A(x) represents for every point 
the energy absorbed in the layer up to this point; 
(Re ( / ) Re(/?) ) determines the slope of A(x). Cal-
culating the absorbed energy for the profiles in 
question according to the WKB approximation (8) 
still yields good agreement with Eq. (11) for the 

15 P. MULSER. I P P 3 / 8 5 [ 1 9 6 9 ] . 



first picture, but the deviations grow with increasing 
reflection. Equation (8) would give the strongest 
absoprtion for the profile with the highest electron 
density, which is not at all the case using the exact 
Eq. ( 1 1 ) : Because of the strong reflection in the 
latter case only a little light penetrates into the re-
gion of high electron density, and there is a de-
crease in absorption. 

The transmission Tr, reflection R, and absorbed 
energy A for such inhomogeneous layers of thickness 
d = 0 . 5 / , 1^, 1.5/1, and 2 I are shown in Fig. 7. 
The curves result from the fact that for each profile 
thickness nH covers the whole range from 1021 to 
a few 10 2 2cm~ 3 . In each case we chose as abscissa 
the square of the maximum normalized plasma fre-
quency (cop/co)2 since, with constant T0 of course, 
(cojco)2 is a function of n only. With increasing 
electron density the transmission quickly decreases, 
and the reflection rises strongly. The absorption 
behaviour already mentioned, viz. A rises to a maxi-
mum and drops towards higher electron densities, 
is particularly pronounced for d = 2 / . 

It emerges from the foregoing remarks that the 
absorption calculated according to Eq. (8) is close 
to the values determined from the correct Eq. (11) 
as long as reflection is not too large. According to 
Fig. 7 this is the case when top does not exceed the 

laser frequency to at any point of the profile or, ac-
cording to Sections II and III, when the laser power 

does not exceed the value 1.8 X 1 0 u W5cm2. It 
can therefore be regarded as proved that already 
at relatively low intensities ^ 2 x 1011 W/cm2 

there is an overdense region (COp>OJ) in the plasma 
in the immediate vicinity of the cold phase. The 
limiting intensity is probably lower still because our 
calculations made no allowance for the reduction 
of the ionization energy, which at high densities 
can be quite large but is very difficult to state 
numerically (according to the Debye theory it 
should be about 8 eV) ; in addition, the Saha equa-
tion always gives too low values for the degree of 
ionization in the heating phase if the recombination 
time is not short enough (cf. Section V ) . As soon 
as we have oov > co, of course, the wave equation has 
to be solved in order to obtain exact information on 
the electron densitites that actually occur. 

At the point in the plasma where the WKB condi-
tion is no longer satisfied the original intensity <Z>0 

in our intensity range has dropped to at least 1/4 
owing to absorption. This immediately explains why 
only a small amount of reflection is observed in the 
experiment16; for even with total reflection in the 
overdense layer the remaining intensity would be 
reduced by at least 3/4 in the region of low electron 
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\A(x ) Re [n2] 
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-
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IX \ 0.5 X 
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Fig. 6. Variation of the real part of 
n~, variation of E \ and normalized 
light absorption A (z) for profiles of 
thickness d = k and various electron 
densities. R, Tr, A reflection, trans-
mission and absorption coefficients. 
Irradiated from the right. Arbitrary 

units on right ordinate. 

16 R. SIGEL, Thesis Technische Hochschule München (1969) or IPP 3 /96 [1969 ] . 



density on its way bade, i .e. 1/16 of the original 
intensity at most would be observed as reflected 
light. It is not until sub-nanosecond laser pulses of 
extremely high intensity are applied that consider-
able reflection of up to 45% 17 occurs because in this 
case the expanded plasma in front of the transition 
region is absent. 

V. Discussion 

The basic equations in Section II are subject to 
two esesntial conditions; firstly, that the plasma pro-
duction and heating processes can be described by 
hydrodynamic theory and, secondly, that a thermal 
model with Ti = Te = T ( T e , T[ electron and ion 
temperature) may be used. The momentum equation 
(2) is valid if the pressure in the numerical results 
changes only slightly over a mean free path Zj; i .e . 

1 dp 

li p ^ 1, or if, according to 9 , p. 258 and 438 

and with the aid of Eq. (1 ) , 

4 - 3 x l 0 " 8 £ l „ , 1 r 3 < 3 7 [cgsgrad] . 

This inequality is in fact very well satisfied in all 
calculations. — The critical point for the application 
of a thermal model with the electron temperature 

equal to the ion temperature is in the transition 
region from the cold phase to the thin, hot plasma. 
Figures 3 and 5 show that the temperature here 
rises almost linearly to 106 °K and enters the dense 
phase between 0.5 and 1 nsec with the velocity 
d = 6.5 x 105 cm/sec. Since this increase in the cal-
culation covers four space steps zla = 2 x l 0 - 5 c m 
(see Appendix II ) , we get the characteristic reference 
time r0 = 4 Aajd = 1.2 x 10~10 sec. At the point T = 
106 °K the normalized particle density is N = nn/n0 

= 0.1. The following relaxation times (In A = 5) are 
now calculated according to 9 for the values: 
Thermalization time for ions: 

Tjj « — = 6 x 10~12 sec; 
' ' i i 

Thermalization time for electrons: 

ree ÄJ Tj; = 1.4 x 10~13 sec; 

Equipartition time for T[ = Te: 

rei « ree • m i - = 6.5 x 1 0 - 1 1 sec. 4 me 

These times are appreciably shorter than r 0 , and 
so it seems certain that there is equilibrium in the 
transition region as well. 

Fig . 7. Transmiss ion Tr, re f lect ion 
R, and absorpt ion A as func t i ons of 
the m a x i m u m normal ized p lasma fre-
q u e n c y for layer thicknesses d=0.5, 

1, 1.5. and 2 / . 

17 N. G . BASOV, B. A . BOIKO, 0 . N. KROKHIN, O . G. SEMENOV. and G. V . SKLIZKOV, Z H T F 38. 1973 [ 1 9 6 8 ] . 



Saha equilibrium is obtained when the ionization 
and recombination rates are sufficiently high. Esti-
mates according to 8 , Vol. I, p. 389 et seq. yield 
ample ionization rates for applying the Saha equa-
tion. It is more difficult to obtain concrete infor-
mation on the recombination times. Should these in 
fact be very long (which is certainly the case for 
very low degrees of ionization well below 0.7%), the 
Saha equation yields a lower limit for the electron 
density in the narrow, not completely ionized part 
of the transition region. This, however, is completely 
sufficient for our purposes since our aim in this 
connection has been to show that a strongly ab-
sorbing layer has to form in a plasma produced 
from solid hydrogen and that there are layers in the 
transition region where the plasma becomes over-
dense (cop>a>). The value for the initial degree of 
ionization used in Section III, rj = 7 X 10~3 is arbi-
trary to a certain extent. Test calculations showed, 
that the special choice of the value for the initial 
ionization only has an effect in the first few nano-
seconds, provided it is not too small (e.g. 1 0 - 1 0 ) 
since ionisation-recombination equilibrium is not 
even approximately obtained in such a case. 

The transition region is characterized by high 
densities and strong gradients. There is some un-
certainty here as regards the equation of state and 
transport parameters. The absorption coefficient 
(6a ) , for example, may assume extremely high 
values. Numerical test calculations with widely 
varying coefficients for the dense region ( 2 ' 1 0 - 2 

Q/Q0 ^ 1 ) — more than a factor 103 for the ab-
sorption coefficient — did show differences in the 
density, temperature, and velocity distributions in 
the immediate vicinity of the solid (up to a factor 
of 2 ) , but such variations have almost no influence 
( f^ 6%) on the properties of the thin plasma 

and the characteristic behaviour 
described in Section III persists in all regions. The 
curves in Fig. 5 for the quantity of plasma produced 
proved to be particularly insensitive (deviations 
below 2%) . 

In these calculations the collision frequency in 
the absorption coefficient is assumed to be caused 
by purely thermal motion. This is justified as long 
as the oscillation energy represents only a small 
fraction of the thermal energy of the plasma, as is 
the case here. In the coefficient of thermal conduc-

18 M . VAN THIEL and B . J . ALDER, M o l . Phys . 1 0 , 4 2 7 [ 1 9 6 6 ] , 

tivity allowance was made only for Coulomb inter-
action since only very close to the solid the plasma 
is not completely ionized and there thermal conduc-
tion is almost insignificant because of the lower 
temperature. Taking the electron-neutral collisions 
into account reduces thermal conduction in this 
region even more. 

The true equation of state for hydrogen in the 
cold compressed phase is not known. The experi-
mental investigations in 18 show very high compres-
sibility for liquid hydrogen, and the assumption of 
Lennard-Jones interaction between the molecules 
does not yield correct results. On the other hand, 
we are not interested here primarily in the shock 
wave, but only insofar as it can modify the calcula-
tions for the hot plasma. It may be stated with cer-
tainty that the true compressibility of the solid 
hydrogen is between zero (incompressible solid) 
and that of an ideal gas, but closer to the latter. In 
order to obtain some idea of the influence of the 
equation of state of the cold phase on the heating 
of the plasma, the case of an incompressible solid 
was also calculated. The differences in temperature 
and density after 14 nsec in the plasma produced 
are shown in Fig. 8. The maximum error in the den-
sity is 18%, but it is under 10% over wide ranges. 
The largest relative error in the temperature is 
found to be 7.2%. It should be pointed out, how-
ever, that Fig. 8 misrepresents the values as too 
high, this being due to the fact that the incompres-
sible case was calculated only for an infinitely ex-
tended solid (no reaction present), while the solid 
curves refer to a 50 /u foil accelerated to the left. 
The special form of the equation of state in the solid 
phase has very little influence on the quantity of 
plasma produced. After 20 nsec the difference in the 
quantity of plasma for compressible and incompres-
sible hydrogen is less than 1%. 

Even if the electron densities calculated with the 
Saha equation are too low in the transition region, 
they are still sufficient for forming a very strongly 
absorbing layer which prevents uniform heating of 
the foils and results in a strong shock wave. The 
conditions when small pellets are irradiated are 
similar, provided the laser intensity rises fast 
enough. "Burn-through" from one side of a foil has 
been convincingly demonstrated16. This, however, 
does not contradict the experimental findings that 
the plasma obtained by evaporating a drop espands 
almost isotropically after a relatively short time. 



Fig . 8. Dif ferences of temperature and density in the plasma for a compressible (ideal gas equation) and an incompressible 
solid. 

Compressible 
- Incompressible 

Fig. 9. Heating of a 5 [A thick foi l and development of a symmetr ic plasm distribution. The solid curves be low give the inten-
sity, the dotted curve the density distribution. 0 O = 101 2 W / c m 2 . Irradiated f rom the right. 

4>0 = 1012 W/cm 2 

after 14 n s 



This can be seen by following up the heating of a 
thin foil beyond its burn-through time in our plane 
model, as in Fig. 9. One can readily trace the de-
velopment to a symmetrical distribution of velocity, 
temperature and density. 

All of the results in this paper refer to a one-
dimensional plane model. With the laser intensities 
at present available such a case cannot be achieved 
experimentally. In experiments actually conducted 
the plasma is always more or less rotation sym-
metric since the high radiation densities required 
can only be obtained by focusing the laser light. The 
analogue calculations for such a geometry were felt, 
however, to be too cumbersome, especially since the 
heating process can readily be studied qualitatively 
in a one-dimensional model and the deviation esti-
mated. In the experiments conducted hitherto the 
hot plasma can also expand to the sides, some of it 
already escaping from the radiation field of the laser 
after a short time. This reduces the temperatures at-
tained theoretically in the one-dimensional case, 
which means that for a given incident energy the 
temperature has to be distributed over more par-
ticles with the result that a larger quantity of plasma 
is produced (cf. the comparison of theory and ex-
periment in 1 6 ) . 

Appendix I 
Absorption Coefficient 

In the Maxwell equations 

c2 v x =i /£0+®, 
V x © : = -SB 

the electric field strength is represented by that of a 
monochromatic light wave. Neglecting the polariza-
tion current one gets for the current density 

j = neey 

( y perpendicular to x). Furthermore, the equation 
of motion of free, not too fast electron is 

y + vy= (e/m)E ( l a ) 

where the Lorentz force is neglected and v is the 
collision frequency. By substituting the solution of 
Eq. ( l a ) in the expression for j one obtains the fol-
lowing stationary wave equation for a plane electro-
magnetic wave E = E (x, t) e~mt with amplitude 
varying slowly with time: 

E" + k2n2(x,t)E = 0 (2a) 

and j itself is proportional to E: j = o'E, where the 
high frequency conductivity o is related to the re-
fractive index n by 

( io /e 0co) = n 2 - 1 (3a) 

(h — co/c is the wave vector in vacuum). The com-
plex refractive index n = + in\ is then expressed 
by means of the electron plasma frequency cop — 
(ne e2/e0 me) ' / s as follows: 

1 
(4 a) n 2 = ( n R + i - n I ) 2 = l - ( ^ f ) 2 -

4 

Tf I 1 J-^l -
1 1 2 A-2 n2 \ n 
wave equation is 

oo 
E = exp {i h J n dx} 

+ (v/o>)2 

. f top \2 1 

co \ co J 1 + (v (v/co)2 ' 

the solution of the 

E0 e x p { — h f n\ x} 
x 

yn 
exp {i h J n R c b } 

(WKB approximation; see, for example19, p. 181) . 
As long as nj is small relative to , one obtains 
for the intensity using the relation for the group 
velocity vgT = cnR (s.1 9 , p. 232) 

0 (X, t) = E«Vf E°nY e x p { - 2 k j nT dx = ^ E0 E0* e x p { - 2 h j* m d * } = <£0 e x p { - J a dx} ( 5 a ) 

X X X 

with the absorption coefficient a = 2 kn\. Solving (4a) for n\ yields for a 

]} a~2k]/2 { V . 1 - ( to) l + (v/to)*_ + .<o [to) l + (v/co)\ . 1 - ( a f ) to J 1+ (vjto)2 (6a) 

for v OJ and COJ9<CO (6a) reduces to the most The expression (6a) is somewhat more general than 
comonly used formula the formula (6a ' ) , and so (6a) is always used in 

top2V , 
a = ~ i — — — / . (oa ) C2 CÜ2 [ 1 — (cop/co) 2] • 

V. L . GINZBURG, T h e P r o p a g a t i o n of E l e c t r o m a g n e t i c 
W a v e s in P lasmas , P e r g . Press Ltd . , O x f o r d 1964 . 



this paper. For the temperatures expected it holds 
that hv kT. The induced emission must there-
fore be taken into account. The way in which a is 
derived means, however, that it is already con-
tained in (6a) (cf., for example8, p. 124). 

The collision frequency v has two components 
v = vej -f- ven corresponding to the electron-ion and 
electron-neutral collisions; vei is taken from 
S P I T Z E R U , p . 8 3 . 

n't* e4 z2 nn V 

used by Dawson. The difference in fact is 
.Spritzer 

For rP 

2 ml'2 (2 k T)3'* yE 

we take 
A(nE/n0) ( l - r j ) 

In A [cgs grad]. 

(/i0 particle density in solid hydrogen). According 
to 2 0 the mean value for A is A = 4.5 X 1014 sec - 1 , 
this being roughly in agreement with theoretically 
determined cross sections. 

It should also be mentioned that Spitzer's formula 
for re i in hydrogen is not very different from that 

Dawson ~ YE = 0.988 . VP\
 31 

Appendix II 
Numerical Integration of the Equations 

of Motion 

For numerical integration of the equations of 
motion (1 ) , (2 ) , ( 3 ) , and the velocity (4) the ex-
plicit difference scheme listed below proved suitable. 
The lattice points have the indices (1, m) I for time, 
m for space; the time step is At, the space step Aa. 
The term q denotes the artificial viscosity, for which 
the expressions in2 1 , p. 216 were used. The expres-
sion for the thermal current was rearranged as fol-
lows: 

3 T 
3 a 

r u
 d T 

3 a Qo 7 
DTL 
3 a 

Difference scheme 

1) Qo 

J + Vi _ vl~ V* Um Um 
I plm+ Yt - Pm-y2 + o [ 6m- % f4n- Yt ( ^tn-l ~ v\n /2) - Qlm+ y2 

(J-Yt J-VtU 

Po J A a 

2) 

3 ) 

J+Yt xl + 1 -xl 
^ m. 77) 

A+1 _ 
Qm+ y2 

it 

Q0Aa 
J+l ' xw "t,m + 1 

4 ) Qo 

J+i J 
tm+ Yt tm + 

At Aa 

(vm+l —Vm 

2 

& m - $ L + i + (v L r + 1 - t i r * ) 

2 

i . i 
Pm+ Yt + Yt 

J ,.t 
Qm-f- Yi Mm+1 3 g0 Aa 

[Qm-Yt X'm-Yt + Qlm+Ytx'lm+Yt) i^m-Yt m+Yt)] 

7 Q0 Aa 

7 e0 • 2 Aa 

[ (Qrn+ Yt x'm+ % + Qm + 'U y"'m + »l,) (Tm + ft - T'm+'/i) ] | • 

The signs of the individual terms are due to the 
fact that the m-subscripts are counter to the a-direc-
tion. Solution of £ for the temperature T was done 
by the nested interval method. 

Step sizes: For given zla = 2 x 1 0 _ 5 c m and laser 
intensities below 4 x l 0 1 2 W / c m 2 a time step At = 
10~1 2sec was chosen; for higher 0O the At was 
half as large. This is because the time step has to 

20 W . P . ALLIS and S. C. BROWN, Phys . Rev . 87 , 419 [ 1 9 5 2 ] . 

be made at least so small that the inequality 
| Avm | At < j Axm [ is satisfied at all lattice points. 
A further condition is imposed, on the ratio 
At/Aa and on Aa itself. Owing to the finite space 
and time step sizes it is not possible to determine 
the velocity of the plasma front, i. e. the velocity of 
the plasma-vacuum interface; the calculation has to 
be truncated towards the vacuum at a finite thick-

21 R . D. RICHTMYER. D i f f e r e n c e M e t h o d s f o r Init ial -Value 
P r o b l e m s . Intersc . P u h l . Inc . , New Y o r k 1957 . 



ness. This may result in errors propagating into the 
interior of the plasma. The difference scheme was 
therefore tried out on an adiabatic rarefaction wave 
for which the solution can also be given in closed 
form. Excellent agreement was obtained using the 
above step sizes. In calculating the thermal conduc-
tion it was ensured that no heat can flow into the 
vacuum by introducing an appropriate boundary 
condition. After every 500 time steps the conser-
vation of energy and momentum was checked by 

integrating the appropriate quantities over space. 
The relative errors are below 0.1%. 

This work was undertaken as part of the joint 
research programme between the Institut für Plasma-
physik and Euratom. 
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